The purpose of this paper is to introduce the concept of non-self asymptotically quasi-nonexpansive-type mappings and to construct a iterative sequence to converge to a common fixed point for a finite family of non-self asymptotically quasinonexpansive-type mappings in Banach spaces. The results presented in this paper improve and extend the corresponding results in Alber, Chidume and Zegeye [Ya.I. Alber, C.E. Chidume, H. Zegeye, Approximating of total asymptotically nonexpansive mappings, Fixed Point Theory and Applications (2006) 
Introduction and preliminaries
Throughout this paper, we assume that E is a real Banach space, C is a nonempty closed convex subset of E and F(T ) is the set of fixed points of mapping T . Definition 1.1. Let T : C → C be a mapping.
(1) T is said to be nonexpansive, if T x − T y ≤ x − y for every x, y ∈ C; (2) T is said to be asymptotically nonexpansive [1, 12] if there exists a sequence {k n } ⊂ [1, ∞) with k n → 1 as n → ∞ such that T n x − T n y ≤ k n x − y , ∀x, y ∈ C; n ≥ 1. Definition 1.2. Let E be a real Banach space and C be a nonempty subset of E.
(1) A mapping P from E onto C is said to be a retraction, if P 2 = P; (2) If there exists a continuous retraction P : E → C such that P x = x, ∀x ∈ C, then the set C is said to be a retract of E. (3) In particular, if there exists a nonexpansive retraction P : E → C such that P x = x, ∀x ∈ C, then the set C is said to be a nonexpansive retract of E.
Next we introduce the following concepts for non-self mapping: Definition 1.3. Let E be a real Banach space, C be a nonempty nonexpansive retract of E and P be the nonexpansive retraction from E onto C. Let T : C → E be a non-self mapping.
(1) T is said to be a non-self asymptotically nonexpansive mapping [4] , if there exists a sequence {k n } ⊂ [1, ∞) with lim n→∞ k n = 1 such that
T is said to be a non-self asymptotically quasi-nonexpansive mapping, if F(T ) = ∅ and there exists a sequence {k n } ⊂ [1, ∞) with lim n→∞ k n = 1 such that
(3) T is said to be a non-self asymptotically nonexpansive-type mapping, if lim sup
(4) T is said to be a non-self asymptotically quasi-nonexpansive-type mapping, if F(T ) = ∅ and
Remark. It follows from Definition 1.3 that (a) if T : C → E is a non-self asymptotically nonexpansive mapping, then T is a non-self asymptotically nonexpansive-type mapping; (b) if T : C → E is a non-self asymptotically quasi-nonexpansive mapping, then T is a non-self asymptotically quasi-nonexpansive-type mapping (c) If F(T ) is nonempty and T is non-self asymptotically nonexpansive-type mapping, then T is a non-self asymptotically quasi-nonexpansive-type mapping.
Definition 1.4. Let E be a real Banach space and C be a nonempty closed convex subset of E which is also a nonexpansive retract of E with a retraction P. Let T 1 , T 2 , . . . , T N : C → E be non-self asymptotically quasinonexpansive-type mappings. Let x 1 ∈ C be any given point. Then the sequence {x n } defined by
is called the N -step iterative sequence with errors of T 1 , T 2 , . . . , T N , where
and {u ni } ∞ n=1 , i = 1, 2, . . . , N are bounded sequences in C. Concerning the convergence problems of various iterative sequences to converge to a fixed point, common fixed points for (self or non-self) nonexpansive and asymptotically nonexpansive mappings have been studied by many authors (see, for example, [1] [2] [3] [4] [5] [6] [7] [8] [13] [14] [15] [16] and the references therein).
The purpose of this paper is to study the iterative sequence (1.1) to converge to a common fixed point for a finite family of non-self asymptotically quasi-nonexpansive-type mappings in Banach spaces. The results presented in this paper improve and extend the corresponding results in Alber, Chidume and Zegeye [1] , Ghosh and Debnath [2] , Liu [3] [4] [5] , Petryshyn [6] , Quan and Chang [7] , Shahzad and Udomene [8] , Xu [9] , Zhang [10] and Zhou and Chang [11] .
The following lemma will be needed in proving our main results.
Lemma 1.1 ([8])
. Let {a n }, {b n } be nonnegative real sequences satisfying the following conditions:
where ∞ n=1 b n < ∞. Then lim n→∞ a n exists.
Main results
Theorem 2.1. Let E be a real Banach space and C be a nonempty closed convex subset of E which is also a nonexpansive retract of E with a retraction P. Let T 1 , T 2 , . . . , T N : C → E be non-self asymptotically quasi-nonexpansive-type mappings and let the common fixed point set F := N n=1 F(T i ) of T 1 , T 2 , . . . , T N be nonempty and closed. Let {u ni } ∞ n=1 , i = 1, 2, . . . , N be bounded sequences in C, {a ni } ∞ n=1 , i = 1, 2, . . . , N and {b ni } ∞ n=1 , i = 1, 2, . . . , N be sequences in [0, 1] satisfying the following conditions:
Then the sequence {x n } defined by (1.1) converges strongly to a common fixed point of T 1 , T 2 , . . . , T N , if and only if the following condition is satisfied:
where d(x n , F) is the distance of x n to the set F.
Proof. The necessity of condition (2.1) is obvious. Next we prove the sufficiency of condition (2.1). For any given p ∈ F, since {u ni } ∞ n=1 , i = 1, 2, . . . , N are bounded sequences in C, let
Since T 1 , T 2 , . . . , T N : C → E are non-self asymptotically quasi-nonexpansive-type mappings, for any given ε > 0, there exists a positive integer n 0 such that for all n ≥ n 0 and u ∈ F
Since {x n } and {y ni } ⊂ C, i = 1, 2, . . . , N − 1, for any n ≥ n 0 we have
Hence for any n ≥ n 0 , it follows from (1.1) and (2.3) that
Next we consider the third term on the right-hand side. From (1.1) and for n ≥ n 0 we have
Similarly, we can prove that
From (2.6) and (2.7) we have y n N −2 − p ≤ (1 − a n N −1 ) x n − p + a n N −1 ε + a n N −1 y n N −1 − p + b n N −1 M,
By induction, we can prove that for any i = 1, 2, . . . , N − 1,
In particular, taking i = N − 1 in (2.9) we have
Therefore from (2.4) and (2.10) we have
By the arbitrariness of p ∈ F, from (2.11) we have
and so we have
By Lemma 1.1, the limit lim n→∞ d(x n , F) exists. Again, by the condition lim inf n→∞ d(x n , F) = 0 we have
Next we prove that the sequence {x n } defined by (1.1) is a Cauchy sequence in C. Indeed, for any n ≥ n 0 , any m ≥ 1 and any p ∈ F, from (2.11) we have
(2.14)
Hence for n ≥ n 0 , m ≥ 1,
By the arbitrariness of p ∈ F, we have
Since ∞ n=1 A n < ∞ and d(x n , F) → 0 (as n → ∞), for any given ε > 0, there exists a positive integer n 1 ≥ n 0 such that for any n ≥ n 1 we have This shows that {x n } is a Cauchy sequence in C. Since C is a closed subset of E, and so it is complete. Hence there exists p * ∈ C such that x n → p * (n → ∞). Finally, we prove that p * ∈ F. Suppose the contrary: p * ∈ F. Since F is a closed set, d( p * , F) > 0. Hence for any p ∈ F, we have
Letting n → ∞ in (2.18) and noting (2.13), it gets d( p * , F) ≤ 0. This is a contradiction. Hence p * ∈ F. Theorem 2.1 is proved.
Remark. It is easy to prove that if the mappings T 1 , T 2 , . . . , T N : C → E in Theorem 2.1 are continuous, then the common fixed point set F of T 1 , T 2 , . . . , T N is closed. Theorem 2.2. Let E be a real Banach space and C be a nonempty closed convex subset of E which is also a nonexpansive retract of E with a retraction P. Let T 1 , T 2 , . . . , T N : C → E be non-self asymptotically quasinonexpansive mappings with F := N i=1 F(T i ) being nonempty and closed. Let {u ni } ∞ n=1 , i = 1, 2, . . . , N be bounded sequences in C, {a ni } ∞ n=1 , i = 1, 2, . . . , N and {b ni } ∞ n=1 , i = 1, 2, . . . , N be sequences in [0, 1] satisfying the following conditions:
Proof. Since T 1 , T 2 , . . . , T N : C → E are non-self asymptotically quasi-nonexpansive mappings, by the definition they are non-self asymptotically quasi-nonexpansive-type mappings. The conclusion of Theorem 2.2 can be obtained from Theorem 2.1 immediately. Theorem 2.3. Let E be a real Banach space and C be a nonempty closed convex subset of E which is also a nonexpansive retract of E with a retraction P. Let T 1 , T 2 , . . . , T N : C → E be non-self asymptotically nonexpansive mappings with F := Proof. Since T 1 , T 2 , . . . , T N : C → E are non-self asymptotically nonexpansive mappings, taking n = 1 in Definition 1.3(ii), we know that T 1 , T 2 , . . . , T N : C → E are continuous non-self asymptotically nonexpansive mappings. Therefore the conclusion of Theorem 2.3 can be obtained from Theorem 2.1.
